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New class of multiple weights and new weighted inequalities for 

multilinear operators 



The Anh Bui* 



Abstract 



Cn ' In this paper, we first introduce the new class of multiple weights A^' which is larger than 

^^ . the class of multiple weights in jLOPTG] . Then, using this class of weights, we study the 

weighted norm inequalities for certain classes of multilinear operators and their commutators 
•^r ■ with new BMO functions introduced by [BHSlj . Finally, we show that some multilinear 

["t I ' pseudodifferential operators fall within the scope of the theory obtained in this paper. 
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1 Introduction and the main results 

The theory of multilinear C alder on- Zygmund singular integral operators, originated from the 
work of Coifman and Meyer, has an important role in harmonic analysis. This direction of 
research has been attracting a lot of attention in the last few decades, see for example |CMlt 
ICM2t[CM3tlGTllKSj for the standard theory of multilinear C alder on- Zygmund singular integrals. 
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Let T be a multilinear operator initially defined on the ?TT,-fold product of Schwartz spaces 
and taking values into the space of tempered distributions, 

T : 5(M") X ... X 5(]R") -^ 5'(M"). 

By associated kernel to T we shall mean the function K, defined off the diagonal x = yi = . . . = 
ym in (R")'"'^^, satisfying 



T{h,--- Jm){x) = I K {x, yi,..., Vra) f livi) ■■■fmiym)dyi...dym 

for all X ^ n"L]^supp/j. 

In this paper, we consider the following conditions: 
(HI) For any A^ > there exists C > such that 

C 

\K{yo,yi,...,ym)\<j^^ r- -^. (1) 

(H2) For any A^ > there exists C > such that 

C\y- — ■y'l'^ 
\K{yo,...,yj,...,ym) - K{yo,. . . ,yj,. . . ,y„i)\ < -^^ -^ ^-— — -min{l,/i"^}, (2) 

for some e > and all < j < m, whenever \yj — y'A < ^ maxo<fc<m \yj — yk\ '■= h. 

(H3) There exist 1 < qi,...,qm < oo and 1/q = 1/qi + ... + l/qm such that T maps 
continuously from L"^^ x . . . x L*^™ into L'^. 

It is clear that if T satisfies (HI), (H2) and (H3) then T falls within the scope of multilinear 
C alder on- Zygmund theory investigated by |GT] . Therefore, according to |GT| . if 1/p = 1/pi + 
. . . + l/pm, the following statements hold: 

(i) T : L^i X . . . x LP™ -^ L^ when I < pi, . . . ,pm < oo, and 

(ii) T : LP^ x . . . x L^"^ — > L^'"^ when 1 < pi, ... ,pm < oo and at least one pj = 1. 

The weighted norm inequalities of multilinear C alder on- Zygmund operators and their com- 
mutators with BMO functions were investigated in [LOPTG] . In |LOPTG] . the authors in- 
troduced the new maximal functions and multiple weights and then they proved that the new 
class of multiple weights is suitable to study the boundedness of multilinear Calderon-Zygmund 
operators and their commutators with BMO functions. 

Inspiring by the works of fLOPTG] for boundedness of multilinear Calderon-Zygmund op- 
erators and their commutators with BMO functions and of [B HSl^ IBHS2] for the new class of 
weights and new BMO function spaces, the aim of this paper is to study the weighted norm 
inequalities of operators T which satisfy (H1)-(H3) and their commutators by using the new 
BMO function spaces introduced by [BHSlj and the new class of multiple weights introduced in 
Section 2. 

The organization of the paper is as follows. In Section 2, we introduce the new class of 
multiple weights and then investigate the weighted norm inequalities of some maximal functions. 
Section 3 establishes the main results of the paper. Firstly, the weighted estimates of multilinear 



operators T are investigated (see Theorem 13. ip . Secondly, we consider the weighted norm 
inequahties of the commutator Tg by using the new BMO functions and new class of multiple 
weights (see Theorem I3.6p . In Section 4, we show that the obtained results can be applied to 
certain multilinear pseudodifferential operators. 

After finishing this paper, I had informed that the author in [T] obtained the A2° weighted 
norm inequalities for such an operator T. However, in this paper, we study the the A^ weighted 
norm inequalities of T and the obtained results and the new class of multiple weights in our 
paper are new. Moreover, the weighted norm inequalities of the commutator Tr with the new 
BMO functions in our paper are unique. 

2 Preliminaries 

To simplify notation, we will often just use B for B^XBjfB) and \E\ for the measure of E for 
any measurable subset E C M". Also given A > 0, we will write \B for the A-dilated ball, which 
is the ball with the same center as B and with radius rxB = Ar^. For each ball B C M" we set 

So{B) = B and Sj{B) = 2^B\2^-^B for j G N. 

2.1 The new class of weights and new BMO function spaces 
2.1.1 Classes of multiple weights A^ 
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In this section, we would like to recall the definition of the new class of weights introduced by 
pIS23. 

For 1 < p < oo and 6 >0, the weight w {w is a nonnegative and locally integrable function) 
is said to be in the class A^ if there holds 

wY^^U w-l^^y^''' <C\B\{l + rB)' (3) 

for all ball B = B{xB,rB)- In particular case when p = 1, ^ is understood 

— — / w{y)dy < C{1 + vb) inf ^(a;). 
\B\ Jb xeB 

Then we denote A^ = Ue>o^p and A'^ = Up>iA^. 

We remak that Ap coincides with the Muckenhoupt's class of weights Ap for all 1 < p < cxd. 
However, in general, the class A2° is strictly larger than the class Ap for all 1 < p < oo. The 
following properties hold for the new classes A2°, see jBHS2[ Proposition 5]. 

Proposition 2.1 The following statements hold: 
i) A"^ C A'^ for 1 < p < q < oo. 

ii) If w (z A2° with p > 1 then there exists e > such that w E ^'^e- Consequently, 

400 _ I I , 400 

Hi) If w € ^42° with p > 1, then there exist positive numbers 5,ri and C so that for all balls 
B, 

^ f w'+^ix)dx)~ <C(^ f wix)dx){l + rBT. 
\B\ Jb ' ^\B\ JB ' 



In jLOPTCj] , to study the weighted norm inequahties of niultihnear operators, the authors 
introduced the new maximal functions and the multiple weights. Adapting this idea to our 
situation, we introduce the new class of multiple weights. 

In what follows, for given m exponents pi, ■ ■ ■ ,Pm, unless specified, otherwise we write p = 
{pi, . . . ,Pm) and the number p shall mean that 

1 _ 1 1 

P Pi '" Pm' 

For any number r > 0, rp is defined by rp= {rpi, . . . , rp^)- 
Definition 2.2 Let 1 < pi, . . . ,pm < oo. For w = {wi, . . . ,Wm), set 



m 

P/Pj 



n 



For 9 > 0, we say that w is in the class At if 



p 



^ ^ u^{x)dx) '^' f[ (^ ^ w] "'^ {x)dx) ^'"'^ <C{l + rBf 



for all halls B . When pj = 1, ( rgr /^ w^j ^ {x)dx] ^ is understood [mfxeQWj (x)) ^. 

For 1 < pi, ... ,pm < oo, we set A^ = U0>oAi. 

When 9 = 0, the class A^ coincides with the class of multiple weights Ajj introduced by 
[LUPTCj] . The following result gives a characterization of the class A^ whose proof is similar 
to that of [LOPTGl Theorem 3.6]. 

Proposition 2.3 Let 1 < pi, . . . ,Pm < co and w = [wi, . . . ,Wm)- Then the following state- 
ments are equivalent: 
(i) weAf; 

i-p'- 
(ii) Wj ' G ^^p, ,j = l,...,m and i^a e A^^. 

Note that the class A"^ is not increasing. It means that for p = (pi, . . . ,pm) and q = 
(gi, . . . , qm) with pj < qj,j = 1, . . . ,m, the following may not be true A^ C j4??, see |LUPTG] 
Remark 7.3]. However, we have the following result. 

Proposition 2.4 Let 1 < pi, . . . ,Pm < cxo and w = {wi, . . . ,Wm) G A"^ . Then, 
(i) For any r > 1, w G AJ^; 



(a) If 1 < pi, . . . ,pm < oo, then there exists r > 1 so that w & A[ 



p/r- 

Proof: (i) Assume that w G A^ for some 9 > 0. By definition, there exists C > so that for 
all balls B there holds, 

.1 r \ i/p "" / 1 r ^— \ ^^ 



For r > 1, by Holder inequality we have 

/ ?/; . ^ (x)dx 1 

\B\ 

Therefore, for all balls B, we have 



1 f 1 '•Pj-i 1 ^ 1 

-— / li;. ''''^ ^ {x)dx) '^^ < (-— / w- "^ ^ {x)dx 
B\ Jb ' ^\^\ Jb 



1 r \ i/rv / ^ r — - — \ ^ 

±-J^u^{x)dx)' J|(^_i_y^^^. -.-(^)rf^) -. <C{l + rB 

This implies that w G A, 



loo 

rp' 



(ii) We exploit some ideas in |LOPTG] to our situation. In the light of Propositions 12 . 1 1 and 
2.31 we can pick ro > 1 and 77 > so that 



'•Q , 1 /„ . -, r 1 



for all balls B and j = 1, . . . ,m. 

Taking r > 1 so that r < — '^"^^ , for all 1 = 1, . . . , ttt,, then we have for all 7, 






<1. 



r{Pj - 1) 
This together with Holder inequality gives 

Due to ([3]), we have 

Therefore, 

It yields w; G ^°^^. 
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2.1.2 New BMO function spaces BMOoo 

In this section, we will recall the definition and some basic properties of the new BMO function 
spaces. According to |BHSlj . the new BMO space BAIOg with 9 > is defined as a set of all 
locally integrable functions b satisfying 

^ [ \b{y)-bB\dy<Cil + rBf (5) 

I-d| Jb 

where B = B{xB,rB) and &B = rm /g ^- A norm for b € BMOg, denoted by \\b\\g, is given 
by the infimum of the constants satisfying ([5]). Clearly BMOq^ C BMOq^ for 6i < 62 and 
BMOq = BMO. We define BMO^o = Ue>oBMOg. 

The following result can be considered to be a variant of John-Nirenberg inequality for the 
spaces BMOoo- 

Proposition 2.5 LetO >{),s>l. If b e BMOg then for all B = {xo,r) 

^; 

^ [ \b{y)-bB\'dxy^' <\\b\\e{l + rB)'; 
\^\ Jb ^ 

ii) 

for all fc G N. 

We refer to Proposition 3 in |BHS2j for the proof. 

2.2 Weighted estimates for some maximal operators 

A ball of the form B{xB,rB) is called a critical ball if rB = 1. We have the following result. 

Proposition 2.6 There exists a sequence of points Xj,j > 1 in M" so that the family of critical 
balls {Qj}j where Qj := B{xj, 1), j > 1 satisfies 

(i) UjQj = R"". 

(ii) There exists a constant C such that for any a > 1, ^ • XuQ < Ca". 



For the proof, we refer the reader to [B] (see also [DZj ). 

We consider the following maximal functions for g € Ll^^{W^) and x € I 

Mioc.agix) = sup -— / \g\, 
xgbgBo, I"I Jb 

^L,a9ix)= sup — \g-gB\-ini sup ^/b 
xdBeBc \B\ Jb ceiRa;gBeBc \B\ Jb 



c 



where Ba = {B{y, r) : y G M" and r < a}. 

Also, given a ball Q, we define the following maximal functions for g G L^^^{W^) and x £ Q 

MQg{x) = sup 11 / \g\, 



MQg{x)= sup I , / \9-gBnQ\ 



xeBeT(Q) 1^ I I ^^1 JBnQ 

where J'(Q) = {B{y,r) : y eQ,r > 0}. 
We have the following lemma. 



Lemma 2.7 For < p < oo, then there exists (3 such that if {Qk\k is a sequence of balls as in 
Proposition \2.()\ then for all g € L\^^{W^) and w € A'^, we have 
(i) 

f |Mioc,/35(x)IM^)dx< /" \Ml^^gix)\Pw{x)dx + J2H'^Qk)(T:^J IglY; 

and 

(ii) |lMioc,/35llip,co(^) < II^L,45|Ilp,oo(^) + Efc w(2Qfc)(^ /2Q, bl) • 

Proof: We refer to ^ Lemma 2.4] for the proof of (i). The proof of (ii) is similar to that of (i) 
and we omit details here. 

D 

Throughout this paper, we always assume that A'^ is a sufficiently large number and different 
from line to line. For k > 1, p > 0, / = (/i, . . . , /„), fj G L\^^{W^) for all j = 1, . . . , ?7i and 
X € M", we define the maximal function M by 



OT.,,(/)(x) = sup Y. 2^"^' n (^;r^ / ^ I/: 

Q^x;Q is critical ^^Q ■ -^ ^ jz'^QI J2'=Q 



1/p 



where Q = kQ. 

For simplicity, we shall write QJlp and 9Jt instead of QJti^p and 9Jli,i , respectively. The following 
result gives the weighted estimates for 9JTk,p. 

Proposition 2.8 Let pi, ■ ■ ■ ,Pm > s > and w € A"^, . Then we have 



p/s- 



mnAmLPiu^)<l[ 



Proof: Without of the loss of generality, we assume that a = 1. Let {Qe} be the family of balls 
as in Proposition 12.61 Then we have 






1/p 

Qt 



UxeQenQ, where Q is a critical ball, then 2^Q C 2'=+^Q^ and |2'=Q| ^ \2''+^Qi\. Therefore, 
for X G Qi we have 



00 m ^ „ 



1/s 
'dz' 



So, 



^ (, JQi \^Q j=i ^\^ V£l J2''Qi, 

oo rra -. „ 

oo m -. „ 



p \ i/p 



zM^dzf^'''^' 



p/s\ 1/p 

Assume that ti; € A^-/g for some > 0. For each j, by Holder inequahty, we have 



l/,(z)rd.<||/,||l.,(^^_,.^^)(/ u;-^./-) 






This together with definition of A^ class gives 

i/p 



oo m 



k=o e j=i 

Using Holder inequality and (ii) of Proposition 12.61 we get that 



En ii/.K.,..,«„sn(E «//'"■ ""'^ 



Pj \ ^1 ^3 

j=i 3=1 e. 



This completes our proof. 
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For a family of balls {Qfcjfc given by Proposition 12. 6|. for s > 0, we define the operator A^ioc,s 
by setting 

Moc,s(/) = 5;XQ.A^s(/XqJ (6) 

k 

where Qj = 8Qj, fxn — ifiXn ; • • • > fmXn )) ^'^d the maximal function Aig is defined by 

Wk Wk Wk 

When s = 1, we drop the subindex s to write A^ioc instead of A^ioc,i- 
We have the following result. 



Proposition 2.9 (i) If pi, . . . ,Pm > s > and w € A°?j^, then we have 

m 

ll-Mioc,.(/)||LPK^)<Cn 
i=i 

(a) If pi, . . . ,Pm > s > and w G ^°y^, then we have 



\\Jj\\L''j{wj)- 



l|Moc,s(/)||LP-(.„^)<Cnil/.-|lL''. 



m 



Proof: The give the proof of (i) only. The proof of (ii) can be dealt by the analogous argument. 
We first have 

/ |A^ioc,.(/)(x)rr/^(x)dx = V /" \MsifXo,)f''w{x)dx 

= Z]/ \Ms{fXQ,)\^^wAx)dx 

where Wj = {wiXq, , • • • , WmXQj ) • 

For each j, it can be verified that Wj € ^^/g- Therefore, by Theorem 3.7 in jLOPTG] . (ii) of 
Proposition 12.61 and Holder inequality, we have 

m 

e j=i " 

m I 

ra 

i=i 
This completes our proof. 
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When 7TT- = 1, we write Mioc,s instead of A^ioc.s- As a direct consequence of Proposition 12.9 
we have the following result. 

Proposition 2.10 (i) If p > s > and w G ^^g; then we have 

I|Moc,s(/)||lp(«;) < C'II/IIlp(«))- 

(ii) If p = s and w G A'^ , then we have 

||^loc,s(/)llL''.°°(to) < C'II/IIl=(«;)- 



3 Main results 

3.1 Weighted norm inequalities for multilinear operators 

In this section, we establish the weighted norm inequahties for multihnear operators in the 
product of weighted L/ spaces by using the new class of weights A"^ 



loo 

p ■ 



Theorem 3.1 Let T satisfy (HI), (H2) and (H3). Then the following statements hold: 
(i) If 1 < pi, . . . , pm < oo and w G A°? , then 



r(/)iiL.K^)<cn 

(a) If 1 < Pi, . . . ,Pm < oo o,nd at least one of the pj = 1, then 



lj\\L''^wj)■ 



ll^(/)llLP.°°{;/a) < CYl WfjWlPiiwj)- 

To prove Theorem 13. H we need the following auxiliary propositions. 

Proposition 3.2 Let T satisfy (HI), (H2) and (H3). Then for any critical ball Q and < 6 < 
1/m, we have 

Proof: We split fj = /? + /?° where /? = fjXiQ for a-H J- Then, 

r(/)(x) = T{fo){x) + Y, T{fi\- ■ ■ , f^-){^) 

where /o = (/?,..., /^), ai,...,am G {0, oo} and I := {a = {ai,...,am) : a / (0, . . . ,0)}. 
Therefore, 



Note that 

m 

\\T{fo)h^/n.,o.<Cll\\f%^. 

This estimate together with Kolmogorov inequality implies 

h < lin/^)|lii/™,oo(2Q,^) < C inj m{f){y). 

10 



S ^1/6 

az 



Let us take care l2- For each a = (ai, . . . , am) G ^ and z G 2Q, we have, by (HI), 

l/r(yi).../;^™(y™)| 



|r(/f\...,/°-)(z)|<c 



„ (|z-yi| + ... + |z-y„|)™"+^ ^ 

l/i(yi)---/m(ym)| 



^>2'^(2'=+lQ)-\(2fcQ) 
1 



< 



fc>2 



■fcAf 



|2fc+lQ|m _y^2fe+i 



l/i(yi)l--- l/m(ym)|dy 



dy 



<C mfm{f){y). 



This completes our proof. 
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Proposition 3.3 Let T satisfy (HI), (H2) and (H3), let < 5 < 1/m. Then we have 

{MljTiff)ix))'/' < Cm{f){x) + CMioc(/)(x). 
Proof: It suffices to show that for each ball B 3 x with vb < 4, we can pick a number cb so that 

\T{f){z)\' - \cB\'\dz)"' < Cmif)ix) + CMoc(/)(x). 

By the same decomposition as in Proposition 13.21 we can write 

\Tif){z)f - \cBf 



1 

\B\JB 



1 

\B\JB 



dz]'^' < c[-^^j^\T{f){z)-CB\'dz)"' 
<c[j^J^\nfo){z)fdzy^' 

+ C{T^J\Y.T{fl\...J^-){z)-CB 



aeX 



5 ^1/5 
dz 



El + E2 



By Kolmogorov inequality and the fact that T is bounded form L^ x . . . x L^ into 2,1/™'°°^ -we 
have 



1 /■ 

^^^ |4-d| Jab 



Let {Q^}^ be the family in Proposition 12.61 Then if 4i? n Q^ / 0, we have AB C Q^ := SQ^- 
Therefore, 

El < CMioc{f){x). 

For the second term E2. Taking cb = Sq(=j^(/i*\ • • • ; I^M^b), we have 



oGX 



aSX 
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For each a ^X and A^ > 0, by (H2), we write 

n/r>---,/;^'")(^)-n/r,---,c™)(^B) 

<C \K{z,yi,...,ym) - K{xB,yi, ■ ■ ■ ,ym)\T\\f"' {yj)\dy 

jRrnn ^J^ 

„ m 

< C'T] / \K{z,yi,...,ym) - K{xB,yi, ■ ■ ■ ,ym)\Y\\fj{yj)\dy 

< C ^ . . . + C ^ . . . := ^21 + -^22 

fc>fco k<ko 

where fco is the smahest integer so that 2 °rB > 1. 

Let us estimate -E'22 first. Since r2fc+i5 < 4 for ah k < ko, the similar argument used in the 
estimate Ei gives 

i,fc+L|„, / n mvjMdy < CMUf){x) 

for ah k < kf). 
Therefore, 

i^22 < C ^ 2~^^>lloc(/)(x) < CMloc{f){x). 
k<ko 

For the term £'21, setting B = 2^°B, then 1 < r^^ < 2. We have 

E21 = Y. (2^-^"2^°rB)-^ ,^^ r'[s, / . n l/.(%)|rfy 

< C5Jt(/)(x). 
This completes our proof. 
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We are now in position to prove Theorem 13.11 

Proof of Theorem \3.1^ Since the proofs of (i) and (ii), we give only the proof of (i) 

12 



(i) Since v^ £ ^mp^ using Proposition 12.71 for 6 < p < l/m, we have 
< [ \MiocA\T{fY){xW''^n;ix)dx 

JK" ^ ^^Wk j2Qk ^ 

= El + E2. 
By Proposition 13.21 Proposition 12.61 and Proposition 12.81 we have 

E2 < CTuA2Qe)\ inf Tl{f){y)Y 
<CY,I \m{f){z)\PvAz)dz 

<c\mf)\\i.^.,) 

m 

i=i 

It remains to estimate Ei. In the hght of Proposition 13.31 Proposition 12.81 and Proposition 
IS we have 

Ei<C I \mi{f){z)\r'uAz)dz + C [ \Miocif)izW'^dz)dz 



m 



This completes our proof. 

D 

3.2 Weighted norm inequalities for the commutators of multihnear operators 
with BMOoo functions 

Let 6 = (6i, . . . , bm), where hj is a locahy integrable function for j = 1, . . . , m. We consider the 
m-hnear commutator of T and b 

m 

where 

I|(/) = 6,T(/) - T(/i,...,5, /„..., /^). 

Let ^= (6*1, ... , e^), 9j > for ah j = 1, . . . , m. For 6 G BMOg, we shah mean bj € BMOoj 

for all J = 1, . . . , m and \\b\\^ = Ylf=i Pj hj ■ 

Before coming to detail information, we need the following auxiliary results. 

13 



Proposition 3.4 Let T satisfy (HI), (H2) and (H3) and b G BMOg. For any p > I, the 
following holds for any critical ball Q and < 6 < 1/m, 

Proof: By linearity it is suffices to consider the commutator with one symbol as follows: 

Tb{f~) = bT{f~) - T{bfi, ...Jm),be BMOe. 

For any balls Q, we can write 

r,(/) = (6 - bQ)TU) - T[{b - bQ)fi, ...Jm):=h+ h. 

Let 5 < 5' < 1/m and 1/s + 1/5' = 1/5 so that s > 1. By Holder inequality and Proposition 
13.21 we have 



<C||6||, mf 3Jt(/)(s) 

ye2Q 

<C||6|le inf 9}Tp(/)(y). 

?/G2Q 

To estimate I2-, using the decomposition as in the proof of Proposition 13.21 we have 
T((6-6Q)/i,...,/^)(z) = T((6-6Q)/0,...,/^)(z) + j;T((6-&Q)/f\...,C-)(z) 

aeX 

Using Kolmogorov inequality and the fact that T maps continuously from L^y.. . .L^ into i^i/™'°°^ 
we have 

^^ \T{{b-bQ)fl...Jl){z)\'dz)"' 

< ||r((6 - 6q)/i , . . . , fm)\\L^/m,oor2Q,Sn) 



<C\\bh iiif OTp(/)(!/). 

?/e2Q 

For each a = {ai, . . . ,am) G I and z £ 2Q, we have, by (HI), Holder inequality and 



14 



Proposition 12.51 

\T{ib-bQ)f^\...,f^-){z)\ 



<C 



■dy 



n (|z-yi| + ... + |z-y„|)'"«+^ 

\{b - bQ)fi{yi) . . . fm{ym)\ 



f^ 7{2''-+iQ)-\(2'=Q)'- {\z-yi\ + ... + \z- ym\r"'+'^ 



< 



^E2-'"(^t.,i(*-w.fe)i*.)n(p^ 



\fjiyj)\dyj 



/2fe+iQ 



<c||6||„ iiit an,{/){j,). 

ye2Q 



This completes our proof. 



n 



Proposition 3.5 Let T satisfy (HI), (H2) and (H3), let < 6 < s < 1/m and b e BMOg. 
Then we have, for any p > 1, 

(<c,4(IW)l')W)'^' < C||?ll,-pioc,s(T(/))(x) +$mp(/)(x) +A1loc,p(/)(x) 

for all X G M". 

Proof: We need only to consider the commutator with one symbol as follows: 

nU)=bT{f)-T{bf^,...,fm) 

where b E BMOe and A G M. 

It suffices to show that for each ball B 3 x with rs < 4, 

1/5 



Tb(/)(z)|* - IcbI^ d^ < C9K(/)(x) + CXioc(/)(x) 



1 

where cb is a constant which will be fixed later. 
We write 

nif) = {b- bB)T{f) - T{{b - bB)fl, ...Jm) 

By the same decomposition as in Proposition 13.21 we can write 



1 

\BlJB 



\nif)iz)\' - \cb\ 



dz]'^' <(^l \nif)iz)-CB\'dz 



1/5 



<C{^^ jj{b-bB)T{f){z)\'dzX" 



^-j^\T{{b-bB)fl...j'j{z)fdz)'' 
+ C{^ j \Y.T{{b-bB)f?\...J!^-){z)-CB 



aeX 

El + E2 + -E3 . 



5 ,1/5 
dz 
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By Holder inequality and Proposition 12.51 we have 

E,<C\\b\\o[j^J^\T{f){zWdzy^\ 

Repeating the argument as in Proposition 13.31 we conclude that 

El < C7||6||eMioc,.(T(/))(x). 
The arguments in Propositions 13.3 1 and 13.4] yields that 

E2 < C^ll^ll^n (^ / \fj{z)\^dzy^'' < C\\b\\eM,ocAf)i^)- 

For the second term E^. Taking cb = Ylaex'^i^^ ~ ^b)!"^ ■, ■ ■ ■ , fm"^){xB), we have 

= Y,[T{ib-bB)fr,---JZ-)iz)-Tif^\...J^-)ixB) . 

aeX 

For each a E Z and A^ > 0, by (H2), we write 

r((6-6B)/r,...,/;;^'")(^)-r((6-6B)/r,...,C-)(xB) 

„ m 

<C \K{z,yi,...,y^)-K{xB,yi,...,yn.mb-bB)fi'(.yi)\ll\f;"'{yj)\dy 

< CV] / \K{z,yi,...,yra) - K{xB,yi,...,ym)\ 

^ y(2'=+lB)™\(2'=_B)™ 

m 

\{b-bB)Myi)\ll\Myj)\dy 



-fce 



<C^min{l,(2V^)-^} f^^ / \{b-bB)Myi)\l[\fM)\dy 

fc>2 ' \ J^Z ^ ±1) j_^-^ 



< C ^ . . . + C ^ . . . := ^31 + ^32 
fc>fco k<ka 



where /cq is the smallest integer so that 2 °rB > 1. 

Let us estimate £'32 first. Since r2k+iB < 4 for all k < ko, the similar argument used in the 
estimate E2 gives 

l^fc+L|^ [ lib - bB)fi{yi)\ n my,)\dy < C\\b\\eMiocAf){^)- 

Therefore, 

E32 < C\\b\\e Y, 2-'=^Xioc,p(/)(x) < C\\b\\eMiocAf)i^)- 

k<ko 
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For the term E^i, setting B = 2^"S, then 1 < rg < 2. We have 

,^T 2'^i3 P J(2'=B)'" _yi 



.>.o i2'=sr A2^B)'" ;/i 

< C||6||e9Kp(/)(x). 
This completes our proof. 



D 



By similar arguments used in the proof of Theorem 13.11 we have the following result con- 
cerning the weighted norm inequality of the commutators Tr. 

Theorem 3.6 Let T satisfy (HI), (H2) and (H3) and b G BMOg. Then we have, for 1 < 
pi, . . . ,pm < oo and w G A'^' , 

m 
\\T^{f)\\Lv{y^) < CYlWfjWLPji^^^y 

i=i 
4 Application to multilinear pseudodifFerential operators 

In this section, we will apply the obtained results to study the weighted norm inequalities for 
multilinear pseudodifferential operators. 

Given a function a : M"('"+^) -^ C satisfying certain growth conditions, we define the multi- 
linear operator Ta to act on m functions fi, . . . , fm G 5(M") by setting 

„ m 

where^ = (ei,...,U)GM--. 

We say that the symbol a belongs to the Hormander class m-S^ g, I £ ]S.,p,d G [0, 1] , i.e., 
for all multi-indices a, /3i, . . . , /3m there holds 

\d^d^^ . . . a^"™a(x,C)| < C(l + iCil + . . . + |^^|)™+^l°l-p(IAI+-+l/3-l). 
We have the following result. 
Proposition 4.1 Let a G m-S^g, < 5 < 1. Then Ta satisfies (HI) and (H2). 
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Proof: Let ifQ : M™" ^ M be a smooth radial function which is equal to 1 on the unit ball 
centered at origin and supported on its concentric double. Set if{^) = (po{^) — ^oC^O and 
fkiO = ¥'(2^'^C)- Then, we have 



^^fc(e) = lforaUee 



fc=0 



and supp (pk C {^ : 2^ ^ < \^\ < 2^^^} for all k > 1. Moreover, for any multi-index a and 
A^ > 0, we have 

\d^M0\<Ca2~''^''^. (7) 

Then we can write 



^{x,0 = '^'Pk(.Oa{x,0 ■= '^ak{x,S,) 



k=0 



fc=0 



It is not difficult to show that Tq satisfies (HI). The proof of this part is standard and hence 
we omit details here. 

It remains to check that Ta satisfies (HI). To do this, we will work with each component 
Ta,,, for A; > 0. With the same notations as in condition (H2), we consider two cases: 

Case 1: i / 

In this situation, we can assume that j = 1 and max^ \yk — yi\ '■= \yo — yi\- 

Let Kk{yo,yi, . . . , ym) be the associated kernel of Ta,.- Then we have 



Kkiyo,yi,---,ym) 






Therefore, 



Kk{yo,yi,---,ym) - Kk{yo,y'i,... ,ym) 

= [ ak{yo,0 n e*<«^'S'"-w>(e^<«i'^"~^i> - e^<«i'^"-^i>)(ie 



We consider two subcases: 

Subcase 1.1: \y[ - yi\ > 2~^ 

In this situation we have, for any integer M > 0, 



Kkiyo,yi,--- ,ym) - Kk{yo,y'i,... ,ym)\ 



< 



ak{yo,Oll^'''"''~''''^^ 



o«(Ci.yo-%), 



i=i 



+ 



i{(j ,yi>-yj) pi{(i,yi>-y'i) , 



ak{yo,0 n e^^^^'^"~W^e*^^i'^"-^i^d^ 



j¥i 



El + E2. 
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By integration by part, |yo — yi| ~ |yo — yil ~ J2k i \yk ~ Vil^ © ^^^ definition of the class Siq 
we liave 



El < ^ \yo - yi 

\a\=mn+N 
\a\=mn+N 



—mn—M 



—mn—M 



ak 



.{yo,Odglle''^^^^y^-y^U^ 



m 






< C\yo -yi\ 



'inn— M iy—k{mn+ M —mn) 



Note that by interpolation the inequality above holds for all M > 0. Taking M = A^ + e, we 
have 

El < C\yo - y^\-mn-e-N2-kiN+e) 



<C- 



Wi-yil 



|yo -yi\ 



'N 



Hence, 



Likewise, 



Ei<C 



Eo<C 



(Em lyfc - ydr"+' 

1^1 -yil' ™;„ri l„. „. }-Ni^nk<. „/ 



Wi -yil' 



mm{l,\yo-yir'W\yi-y'i\)-'. 
min{l,|yo-ylr^}(2'^|yl-y'll)-^ 



iZk,i\yk-yi\)"'''^' 

Hence, in this situation, T^ satisfies (H2). 

Subcase 1.2: \y[ - yi| < 2"^ 

In this case, by integration by part, we write, for an integer M > 0, 

Kkiyo, yi, • • • , ym) - K^iyo, y'l, • • • , ym) 



X] \yo-yi\ 

\a\=AI 

Y^ \yo-yi\ 

\a\=M 



-M 



-M 



n III' 

m 

ak{yo,m-e"^^'''"-''Hj{e''^^^'^''^^^di 



dl 



i=i 



|qH-|/3|= 



If |/3| =0, \l-e^<^^'y^~y'i'^\ < \Ci\\yi -y[\ <2''\yi-y[\. Hence 

M=M ^^™" i=i 



<C|yo-yir"^V=('''--"-i)|yi-y;|. 
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If !/3| > 0, !a|^(l -e^<«i'2^i-2/i>)| < c\yi -y[\\l^\. Hence 



X] \y^ ~ y^ 

la| + l/3j=M,|/3|>0 



\a\=M 

<C\yo-yi\-^2-'^(^-"^^-'^\y,-y[\. 
Hence, for any integer M > 0, 

Kk{yo,yi,---,ym)-Kk{yo,y[,...,ym)\<C\yo-yi\-^2~'''^^'-"'"-'^yi-y[\. 

By interpolation, this inequality holds for all M > 0. Taking M = N + mn + e, we have 

Kk{yo,yi,---,ym) - Kk{yo,y'i,--- ,ym) 

< C\yo - yi|-^-"^"-1yi - y[\'i2'\yi - y[\)'-'. 
Therefore, in this situation, Ta satisfies (H2). 



Case 2: j = 

We can assume that max^ ly^ — yi\ := \yo — yi\- We also consider two subcases: 

Subcase 2.1: |yo - yol > 2~'' 

By the similar argument to that of Subcase 1.1 we get that Ta satisfies (H2). 

Subcase 2.2: |yo - ^ol < 2"'= 

In this case, we have 



Kk{yo,yi, ■ ■ ■ ,ym) - Kk{y'o,yi, . . . ,ym) 



akiyo, n e*^«^''°"*^ - ak{y'o,0 H e^^^^^""*^ 



i=i 



i=i 



de 






Ji^j^yo-Vj), 



^^-^ 7r™" 

m 
I + Hh. 



J{^e,yo-ye) _ f,i{^e,y'o-ye)\ TTg*fe:J/o-%> TTp*fe.s/o-w), 



£=1 



Repeating the arguments as in Subcase 1.2, we get that for any A^ > 



Ei^^i^^ 



yo-yi\ 



-N—mn—e\ 



yo-yor(2 bo-yo 



/ \\l-e 



(8) 



£=1 
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for some e > 0. 

It remains to estimate /. We can write, for any integer M > 0, 



\i\<c Y, \yo-yi\ 

\a\=M 

< C" X] '2/0 -yi\ 

\a\=M 



-M 



-M 






d: 



'Hi 






where in the last inequahty we use integration by part. 

By the Mean value Theorem and definition of the class S^^, we have 

dl [ak{yo,0 - ak{y'o,0] \ < C\yo - y^|2-^l"l+'='5 = C\yo - y'o\2-'^^'+''. 
Therefore, for any integer M > 0, 

\I\<C\yo-yi\-''\yo-y'o\2-'^''-^-'>''''. 

By interpolation again, Q still holds for any M > 0. 

We now choose e > so that 1 — 5 > e. Taking M = mn + N + e, we have 

\I\ <C\yo- yir('™+^+^)|yo - y'o\'2-'^''-'-'^'\2% - yo|)^-^ 
The combination of ([8]) and pO|) yields that Ta satisfies (H2). This completes our proof. 

From Proposition l4.lt Theorem 13.11 and Theorem 13.61 we imply the following result. 



(9) 



(10) 



n 



Theorem 4.2 Let a E m-S^^, < 6 < 1. If Ta satisfies (H3), then the following statements 
hold: 

(i) For 1 < pi , . . . , p„i < cxo and w G A^ , we have 



\\Ta{f)\\ 



LP{u^) 



< 



Cj{\\f: 



jllL*'j(tOj)> 



i=i 



(ii) If 1 < Pi, • • • ,Pm < 00 and at least one of the pj = 1, then 

\\Ta{f)h 

(Hi) For any b G BMO^, 1 < pi, . . . ,p„i < 00 and w G A?P, we have 






|LP,°°(i.^) ^ '-^11 ll/jllL*'iK); 



\{TaW)\\Ln..)<CX{\\f: 



illi^iK)- 



i=i 
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We would like to give some relevant comments: 

(i) It was proved in |GTj that if Tq be a multilinear pseudo differential operator with the 
symbol a in the class m-S'^g,0 < 6 < 1 and all of the transposes Ta'' also have symbols in 
m-Sii, then Ta satisfies (H3). Hence, the conclusions in Theorem 14.21 hold for such a T^. 

(ii) In particular case when m = 2, the authors in |BTj proved that if Ta be a multilinear 
pseudodifferential operator with the symbol a in the class 2-S^ ^,6 € [0, 1) then all of the trans- 
poses T*^ and T*'^ also have symbols in 2-3^^, 6 G [0, 1). Therefore, by the previous remark, the 
results in Theorem 14.21 hold for Ta- 

(iii) It can be believed that the obtained results in Theorem 14.21 still hold for multilinear 
pseudodifferential operators with the symbols a G m-S'- g with 0<(5</9<l, 5<l,0</9, /< 
mn{p — 1). These results will be studied in the forth-coming paper. 
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